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ABSTRACT
When de Sitter first introduced his celebrated spacetime, he claimed, following Schwarzschild,
that its spatial sections have the topology of the real projective space IRP 3 (that is, the
topology of the group manifold SO(3)) rather than, as is almost universally assumed to-
day, that of the sphere S3. (In modern language, Schwarzschild was disturbed by the
non-local correlations enforced by S3 geometry.) Thus, what we today call “de Sitter
space” would not have been accepted as such by de Sitter. There is no real basis within
classical cosmology for preferring S3 to IRP 3, but the general feeling appears to be that
the distinction is in any case of little importance. We wish to argue that, in the light of
current concerns about the nature of de Sitter space, this is a mistake. In particular, we
argue that the difference between “dS(S3)” and “dS(IRP 3)” may be very important in
attacking the problem of understanding horizon entropies. In the approach to de Sitter
entropy via Schwarzschild-de Sitter spacetime, we find that the apparently trivial dif-
ference between IRP 3 and S3 actually leads to very different perspectives on this major
question of quantum cosmology.
1. The Superfluous Antipodes
Understanding de Sitter spacetime — the finiteness of its entropy, its embedding in string
theory — is one of the key problems of current physics. Obviously, therefore, it is impor-
tant to be confident that we know exactly what “de Sitter spacetime” actually is. From
its first appearance [1], however, it has been clear that there is a fundamental ambiguity
in the very definition of “de Sitter spacetime”, arising from the well-known fact that the
Einstein equations do not completely fix the topology of spacetime. (de Sitter’s paper
can be found at http://adsabs.harvard.edu/ads abstracts.html.) This kind of topological
ambiguity has recently attracted a great deal of attention from an observational point of
view (see for example [2][3]), but far less attention has been paid to its theoretical impli-
cations. The purpose of this work is to draw attention to the fact that these theoretical
implications have a bearing on issues of great current interest.
Today we are accustomed to the idea that the topology of de Sitter space is that of
IR×S3, where S3 is the three-sphere. (Sometimes it is convenient to use other slicings, such
as that by flat three-dimensional spaces, but these do not cover the entire spacetime and
so they tell us nothing about its global structure.) However, de Sitter himself explicitly
rejected this interpretation: for him, the topology of “de Sitter spacetime” was IR×IRP 3.
Here IRP 3 is the real projective space, obtained from S3 by identifying all points with
their antipodes. (The distinction between the two is precisely that between the group
manifolds of SO(3) and SU(2); for it is easy to see that SU(2) has the topology of S3, and
it is well known that it covers SO(3) twice, so the group manifold of SO(3) is IRP 3.) The
metric of IRP 3 is exactly that of S3 — that is, if the sectional curvature is 1/L2, it is
g(IRP 3, 1/L2) = g(S3, 1/L2) = L2[dχ⊗ dχ+ sin2(χ)[dθ ⊗ dθ + sin2(θ)dφ⊗ dφ)]], (1)
but now the angles χ, θ, and φ (which on S3 range respectively from zero to π, zero to π,
and zero to 2π) are subject to identifications according to the antipodal map ℵ3 on S3,
defined by
χ → π − χ
θ → π − θ
φ → π + φ. (2)
Thus IRP 3 is the quotient S3/ZZ2 = S
3/{1,ℵ3}.
Comparing the two, de Sitter states that IRP 3 “is really the simpler case, and it is
preferable to adopt this for the physical world.” (He also reports a letter from Einstein
to the effect that the latter agreed with him — though it appears that Einstein later [4]
changed his opinion, on extremely tenuous aesthetic grounds.) de Sitter was apparently
influenced by a much earlier (1900) paper of Schwarzschild [5] (translated as [6]). Usually
this paper is cited as one of the first attempts to discuss, from an observational point of
view, the possibility that the spatial sections of the Universe may not have the geome-
try or topology of ordinary Euclidean space. Schwarzschild’s paper is strange to modern
eyes, however, in that, when he considers positively curved space, he only discusses IRP 3,
which he calls “the simplest of the spaces with spherical trigonometry.” In fact, he ex-
plicitly rejects S3 as a physically acceptable model for spatial geometry, on the grounds
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that the light emitted from a point in S3 would collect again at the antipode, and “one
would not consider such complicated (sic) assumptions unless it were really necessary”.
Schwarzschild’s point is that any two coplanar geodesics in IRP 3 intersect only once, while
in S3 they would do so twice. The intersection of geodesics is however a matter of local
physics, and it is absurd that the geometry should try to enforce correlations on the largest
possible length scales. When stated in this modern way, as a concern for the locality of
physics, Schwarzschild’s argument begins to seem very plausible; we shall further update
it below.
When, much later, the importance of isotropy and homogeneity came to be appre-
ciated, it was realised by a few authors (see for example [7], page 136) that even these
stringent criteria provide no basis for discriminating against IRP 3 in favour of S3. A
precise mathematical discussion of the point can be given briefly as follows. Let p be a
point in a Riemannian manifold M , and let Xp and Yp be arbitrary unit tangent vectors
at p. Suppose that it is always possible to find an open set Up containing p such that,
when the metric on M is restricted to Up, there exists an isometry of Up mapping Xp
to Yp. If this can be done for all p in M then the latter may be said to be everywhere
locally isotropic. (If we insist that the isometries should be global, then of course one says
that the manifold is globally isotropic; but there is no observational warrant for this.) In
three space dimensions (though not in higher dimensions), an everywhere locally isotropic
manifold has to be a space of constant curvature; this follows from Schur’s theorem (see
[8] page 202). In the case of positive curvature, there are infinitely many such spaces, all
of them being quotients of S3 by finite groups. Even if we adjoin the condition of homo-
geneity (on Copernican grounds) the number of candidates remains infinite: for example,
all of the lens spaces (see [9]) are homogeneous. (Curiously, this is a peculiarity of pos-
itive curvature: there are only finitely many everywhere locally isotropic, homogeneous
three-manifolds of negative or zero curvature.) Thus, local isotropy and homogeneity do
not single out either S3 or IRP 3. But suppose that we extend the concept of homogeneity
in the following way. Let us assume that, given any two pairs of points in M , (A, B) and
(C, D), such that the distances d(A, B) and d(C, D) are equal, there exists an isometry
of M which maps A to C and B to D simultaneously. Then M is said to be “two-point
homogeneous”. This is a more restrictive form of homogeneity: instead of merely requir-
ing all points in M to be “equally good”, we are requiring this of extended objects. Now it
can be shown [9] that the only positively curved examples in three dimensions are S3 and
IRP 3. Thus, even on the strictest interpretation of homogeneity, there are no grounds
for preferring S3. Nor is there any other basis for doing so: both are orientable spin
manifolds, both have isometry groups of the maximal dimension (six), and so on.
The point of this historical/mathematical excursion is this. Schwarzschild and de
Sitter were convinced that the topology of a positively curved world was that of IRP 3,
and none of the relevant arguments from classical cosmology allow us to argue that they
were wrong. In this sense, the IR × IRP 3 version — which we may call dS(IRP 3) — is
the true “de Sitter spacetime”. The fact that we tend to think otherwise today is merely
a matter of historical accident.
The reader may object that while it is indeed true that IRP 3 is just as good as S3 in
classical cosmology, it does not follow that the same is true in quantum cosmology. One
may wonder, for example, whether all is well with quantum field theory on dS(IRP 3).
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This issue was addressed very comprehensively and precisely in [10], where no difficulties
were found; on the other hand, one of the more remarkable results of that work was the
discovery that the response functions of (monopole) particle detectors were quite different
in the two cases (dS(IRP 3) and dS(S3)). Thus it is clear that even though “the topology is
behind the horizon”, it has (in principle) measurable physical effects: out of sight is not out
of mind. (We may mention here that there is no hope at present of distinguishing dS(IRP 3)
by direct astronomical observations, though this is not the case [3] for cosmologies with
other positively curved locally isotropic homogeneous three-manifolds as spatial sections.
The question as to whether the WMAP data [11] may possibly suggest that the spatial
geometry or topology is non-trivial is currently under debate [12][13][14][15].)
More generally, however, dS(S3) is often favoured because it has a much larger isometry
group than any other cosmological spacetime, including dS(IRP 3). Even though S3 and
IRP 3 have (non-isomorphic) isometry groups of the same dimension, it is a remarkable
fact that the isometry group of dS(IRP 3) has the “normal” size for an FRW cosmology
— it is six-dimensional — whereas, as is notorious, dS(S3) has an isometry group of
the largest possible dimension, namely ten. That distinction seems to favour dS(S3)
as a “background”. Recently, however, it has been argued [16] very persuasively that
“the trouble with de Sitter space” is precisely that it has too many symmetries. These
symmetries disrupt an attempt to understand de Sitter entropy in the context of one of
the most promising approaches to horizon entropies (see [17] for a recent general review),
namely the “horizon entropy as entanglement entropy” programme [18]. It seems that
some symmetries of the de Sitter vacuum must be broken if we are to understand de Sitter
entropy. Since dS(IRP 3) has a more “normal” (FRW) isometry group than dS(S3), it is
reasonable to ask whether dS(IRP 3) can lead to a different approach.
The question of the real significance of de Sitter entropy is one of the deepest in
physics, and we do not propose a complete answer here. The intention is much more
modest: to show that dS(IRP 3) does lead to a different perspective on the problem. We
argue that the apparently slight topological difference between the two actually has pro-
found consequences for the entropy question, essentially because it enforces very different
respective global structures for the Schwarzschild-de Sitter geometry (which has always
played a crucial, if not very well-understood, role in deriving the formula for de Sitter
entropy). In particular, we stress that the richer topology of the SdS(IRP 3) conformal
infinity (see Figure 5 below) offers better prospects for understanding de Sitter entropy
as entanglement entropy. In fact, we argue that if we take the entanglement point of
view to be fundamental, then the IRP 3 approach may explain why the Schwarzschild-de
Sitter geometry is relevant to the computation of the entropy of pure de Sitter space.
For, using recently developed global techniques for asymptotically de Sitter spacetimes,
we show that Figure 5 gives a generic picture of the evolution of two entangled copies of
IRP 3. No argument of this kind is possible in the S3 case.
In short, our main point is that, to understand de Sitter entropy, a choice must be
made: dS(IRP 3) or dS(S3). Our secondary purpose is to lay the foundations for an “IRP 3
programme” by gathering together relevant data, particularly on Penrose diagrams and
other aspects of the global structure of Schwarzschild-de Sitter space.
Before we proceed, we should clarify that we do not consider here the “elliptic” version
of de Sitter space, in which an antipodal identification is performed both in space and in
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time; here the identification will be purely spatial. Interesting discussions of the elliptic
version (which was first suggested by F. Klein [19]) may be found in [20][21]. Note that
the fact that time reversal symmetry is broken rather strongly suggests ([22], page 288)
that our universe is time-orientable. Elliptic de Sitter spacetime is not time-orientable,
but dS(IRP 3) is orientable both in time and in space. (For a further discussion of this
aspect of elliptic de Sitter spacetime, see [23].) We should also stress that our black holes
are quite different from the superficially similar “one-sided” black holes (see [24] for a
review).
2. Basics of dS(IRP 3)
The global form of the de Sitter metric, corresponding to a positive cosmological constant
3/L2, is
g(dS4) = −dτ ⊗ dτ + L2cosh2(τ/L)[dχ⊗ dχ+ sin2(χ)[dθ ⊗ dθ + sin2(θ)dφ⊗ dφ)]]. (3)
The corresponding Penrose diagram, in the case of S3 spatial sections, has the familiar
form given in Figure 1. In this diagram, every point in the interior corresponds to a two-
sphere, while those on the left and right vertical boundaries are the (of course, arbitrary)
poles. The left and right-hand triangular regions are the two “static patches”, which may
be described by coordinates (t, r), so that both poles correspond to r = 0. ( This is an
important point, since it means that we must be careful if we wish to modify the geometry
near “r = 0”. Note that there are of course infinitely many static patches: what we mean
is that, given one static patch in this spacetime, one can always find another which does
not intersect the first.) The diagonals are the cosmological horizons (corresponding to r
= L).
Figure 1: Penrose diagram of dS(S3).
The metric in the “static patches” is
g(dS, static) = −(1− r
2
L2
)dt⊗dt+ (1− r
2
L2
)−1dr⊗dr + r2[dθ⊗dθ + sin2(θ)dφ⊗dφ)]. (4)
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Note that the surfaces t = constant are represented in this diagram by curves which
emanate from either pole and which all intersect at the centre of the diagram, that is, at
the cosmological horizon.
Now consider S3, and let S2
∗
be a distinguished “equator”. To construct IRP 3, note
that every point in the Northern hemisphere is to be identified with its antipode in the
Southern; hence we can discard the Northern hemisphere altogether, since its points have
already been “counted”. This argument does not include S2
∗
; along the equator, each S2
point is identified with its antipode, producing exactly one copy of IRP 2, which must be
included in IRP 3. Thus the reader can picture IRP 3 as a (three-dimensional) hemisphere
with an IRP 2 equator. The Penrose diagram of dS(IRP 3) therefore consists of three
different kinds of vertical lines. First, at the left side of Figure 2, is just the worldline
of the pole. Next, all interior points represent copies of S2 (not IRP 2). Finally, at the
extreme right-hand edge, the points (represented by stars) are copies of IRP 2. Now there
Figure 2: Penrose diagram of dS(IRP 3).
is of course only one “static patch” (that is, all static patches overlap and are in causal
contact), which can be parametrised in the same way as before; notice that all of the t =
constant sections terminate at a cosmological horizon which is a copy of IRP 2, and that
the area of a surface r = constant is given by
A(r) = 4πr2, r < L
= 2πr2, r = L.
(5)
A ray of light moving radially outward from the pole will, if it leaves while the universe
is still contracting (as reckoned by cosmic time τ in equation (3)), reach the IRP 2 surface
and immediately re-appear on the opposite side of the sky (though this will never be seen
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by an observer at the pole, since the ray will “reach” future infinity “before” that —
one sees this in Figure 2 by letting the null geodesic “bounce” off the right side of the
diagram). Although IRP 2 is non-orientable, this gives rise to no problems for a three-
dimensional object passing through it, because the object is not being parallel transported
within IRP 2. It would return to the pole — if that were possible — with the directions
perpendicular to its velocity vector reversed, but since, in three dimensions, there are two
such directions, this constitutes a rotation, not a reflection. That is, an explorer who (of
course, vainly) attempts to circumnavigate dS(IRP 3), setting out while the universe is
still contracting, will see his home world turned upside-down — that is, rotated through
π but not reflected — after he passes through IRP 2. In geometrical language, the linear
holonomy group of IRP 2 is indeed the full group of rotations and reflections, O(2), but
the linear holonomy group of IRP 3 is SO(3), which contains no reflections, only rotations.
(Thus IRP 3 is an interesting example of a Riemannian manifold for which the holonomy
group is connected, despite the fact that the manifold itself is not simply connected.) Note
that these considerations show that an odd-dimensional “de Sitter” spacetime with spatial
sections of topology IRP 2n, n ≥ 1, would be spatially non-orientable, which would conflict
with the fact that parity is violated in our Universe (see for example [22], page 289). In a
similar vein, IRP 1+4n, n ≥ 1, while orientable, has a non-vanishing second Stiefel-Whitney
class [25], so it is not a spin manifold; hence dS(IRP 2), dS(IRP 4), dS(IRP 5), and dS(IRP 6)
are all arguably unphysical in one way or another. It is pleasing that four-dimensional
“de Sitter spacetime” is singled out in this way.
The isometry group of S3 is of course the orthogonal group O(4). The isometry group
of IRP 3 may be found by recalling that the latter is precisely the Lie group manifold
SO(3) with the usual Cartan-Killing metric. The isometries of SO(3) are given by left
multiplication, right multiplication, and transposition of matrices. Recalling the formula
(ABC)T = CTBTAT , we see that the isometry group consists of two copies of SO(3), plus
a discrete symmetry which exchanges the two SO(3) factors. That is, the isometry group
of IRP 3 is the six-dimensional group (SO(3) × SO(3)) ⊳ ZZ2, where the second product is
semi-direct. This group is not isomorphic to O(4), though the Lie algebras are the same;
in fact, since the universal covering group of SO(4) is given by two copies of SU(2), we
have O(4)/ZZ2 = (SO(3) × SO(3)) ⊳ ZZ2. Of course, this latter group is not a subgroup
of O(4), any more than SO(3) is a subgroup of SU(2). Note that six is the maximum
possible number of Killing vectors in three dimensions, so IRP 3 is, like S3, maximally
symmetric.
The isometry group of a “normal” FRW cosmology is the same as the isometry group
of its spatial sections (plus, perhaps, some finite factor). There is a good physical reason
for this: FRW spacetimes represent time-dependent physical systems, so they should
not have any continuous time symmetry. (A Big Bang/Crunch FRW spacetime has a
discrete symmetry exchanging the Bang with the Crunch, but it has no continuous time
symmetry.) As is well known, de Sitter space, in its dS(S3) form, is not a “normal”
FRW spacetime in this sense, for it has many other symmetries beyond O(4); in fact, it
has an isometry group of the maximal possible size for a four-dimensional spacetime, the
10-dimensional group O(1,4). While this may be desirable for technical reasons, it is not
necessary for quantum field theory (see [10]) and it is not a property of the real world —
some of the symmetries of the dS(S3) vacuum must be broken. Of course, one normally
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thinks of them as being broken by the introduction of matter and radiation, but the
work of Goheer, Kleban, and Susskind [16] strongly suggests that the O(1,4) symmetry
is broken in the vacuum, independently of the presence of any kind of matter (other than
dark energy).
The situation here is rather similar to the problem of gauge symmetry breaking in
Calabi-Yau compactifications of string theory [26]. There, gauge symmetries are broken
by taking the Calabi-Yau space to have a non-trivial fundamental group (“Wilson loop
symmetry breaking”), not by introducing matter fields with vacuum expectation values.
In a similar way, simply by taking the spatial sections of de Sitter space to be IRP 3 instead
of the simply connected sphere, we can break O(1,4), as follows.
dS(S3), with cosmological constant 3/L2, is defined as the locus, in a five-dimensional
flat space of the appropriate signature, given by
− A2 + w2 + x2 + y2 + z2 = +L2. (6)
Simply by writing this as
w2 + x2 + y2 + z2 = A2 + L2, (7)
we see that dS(S3) is globally foliated by copies of S3, which are parametrised by the
coordinates (w, x, y, z). The antipodal map on these spheres is given by the O(1,4)
matrix diag(1,−1,−1,−1,−1). Now clearly the only isometries of dS(S3) which descend
to symmetries of dS(IRP 3) are those which preserve the relationship of all antipodal pairs
on S3. That is, the only acceptable elements of O(1,4) are those which commute with the
matrix diag(1,−1,−1,−1,−1). These elements form a subgroup consisting of the matrix
diag(−1,+1,+1,+1,+1) together with the set of O(1,4) matrices of the form diag(1, M),
where M is any element of O(4). However, diag(1,−1,−1,−1,−1) acts trivially on IRP 3,
so we must project O(4) to O(4)/ZZ2. Thus the full isometry group of dS(IRP
3) is not
the 10-dimensional group O(1,4) but rather the 6-dimensional group (with four connected
components) ZZ2× [O(4)/ZZ2], where the first ZZ2 is generated by diag(−1,+1,+1,+1,+1)
and the second by diag(1,−1,−1,−1,−1). Since it can be shown that the coordinate A is
related to de Sitter proper time τ by A = L sinh(τ/L), and since we know that O(4)/ZZ2
= (SO(3) × SO(3)) ⊳ ZZ2 (the isometry group of IRP 3), we see that the isometry group
of dS(IRP 3) is given simply by the isometry group of its spatial sections, together with
a discrete symmetry exchanging past with future. (That is, the isometry group has been
reduced from 10 dimensions to 6.) Thus, simply by taking the spatial sections to have a
non-trivial fundamental group, we have succeeded in reducing the symmetries of “de Sitter
spacetime” to the standard form for a FRW cosmology. As in “Wilson loop symmetry
breaking” in string theory, this has been done without introducing matter of any kind.
In the light of [16], we take this as a strong hint that dS(IRP 3) is the right version of de
Sitter spacetime for our purposes.
If we now modify either dS(S3) or dS(IRP 3) by introducing a black hole (necessarily of
mass M < L/(27)
1
2 ) around “r = 0”, then we obtain the Schwarzschild-de Sitter solution,
with metric
g(SdS) = −(1− r
2
L2
−2M
r
)dt⊗dt + (1− r
2
L2
−2M
r
)−1dr⊗dr + r2[dθ⊗dθ + sin2(θ)dφ⊗dφ)].
(8)
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If we do this to dS(S3), then we are obliged to do it at both poles; but then we have
no choice but to continue the process indefinitely, producing the Penrose diagram given
in Figure 3 (see [27]). (We shall call this spacetime “unwrapped” SdS(S3); the notation
simply serves to remind the reader that we began with spatial topology S3. The spatial
topologies in Figures 3 and 4 are not, of course, the same as the topology of S3.)
Figure 3: Part of the (infinite) Penrose diagram of unwrapped SdS(S3)
Decorative though it may be, this represents a completely unphysical situation. It is
true that such diagrams represent an idealised spacetime model, but it should be possible
to understand the ways in which it would be necessary to modify them so as to obtain
a more realistic model; that is, the idealised situation is physically interesting precisely
to the extent that it can be “continuously deformed” to something more realistic. In the
case of the maximally extended (Kruskal-Szekeres) Schwarzschild spacetime, for example,
one understands that the formation of an actual black hole from a collapsing star would
completely obscure the white hole region, leaving behind the physically relevant part of the
diagram, and so on. The importance of this point for understanding the thermodynamics
of black holes has been particularly emphasised, and explained very clearly, by Israel [18].
But in the present case, one does not seriously suppose that the existence of a black hole
in de Sitter spacetime necessarily entails the existence of another black hole at the other
end of the Universe. Yet what else can we do with the infinite succession of superfluous
black holes in Figure 3? This might be regarded as a modern, more pointed version of
Schwarzschild’s objection to S3 as a model for physical space.
The most obvious way to solve this problem is to notice that Figure 3 very much
resembles the result of “unwrapping” a cylinder. Reversing this “unwrapping”, we obtain
“wrapped” SdS(S3), pictured in Figure 4. Here we understand that topological identifi-
cations are to be performed at the right and left edges, as indicated. (The topology of
the spatial sections here is S1×S2; in Figure 3 it is IR×S2.) Henceforth, when we speak
of “SdS(S3)”, we shall mean the spacetime pictured in Figure 4.
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Figure 4: Penrose diagram of wrapped SdS(S3)
We shall argue, however, that Figure 4 actually represents a situation scarcely less ab-
surd than that in Figure 3. We now have a single black hole, it is true, but the “Einstein-
Rosen bridge” here actually leads back to our own universe. In the usual Schwarzschild
case, the “bridge” leads to another universe, which, like the white hole, would be elimi-
nated in the process of formation of a real black hole; but here the “other” universe which
we so casually consign to non-existence is in fact our own. (If we blot out the white hole
and the left side of Figure 4, replacing them as usual by the interior of a collapsing star,
then what happens to the right side of the diagram at points A,B, and C?) We see that,
unlike the Penrose diagram of the maximally extended Schwarzschild spacetime, Figure 4
does not correspond to any physically realisable situation; it is not an idealised represen-
tation of a real black hole in an asymptotically de Sitter spacetime. We shall return to
this point below. (This problem does not arise for anti-de Sitter black holes, for reasons
we shall explain in the next section.)
If we now turn to dS(IRP 3), and introduce a black hole (with M < L/(27)
1
2 ) into it,
we find that these absurdities are eliminated in the most natural way. Now there is only
one point with r = 0, so the introduction of a black hole there has no consequences for
the antipode, simply because there is no antipode. The maximal extension need have
no other singularities, and the Schwarzschild-de Sitter metric now describes a perfectly
reasonable spacetime which we shall call SdS(IRP 3). (Again, this notation simply reminds
the reader of the general context — IRP 3 as opposed to S3. The spatial topology will
be discussed below: it is certainly not the same as that of IRP 3.) The Penrose diagram
is pictured in Figure 5. Here we see the “worldlines” of two distinct copies of IRP 2 at
left and right. (No topological identification of the two lines of stars is intended.) The
diagram can be interpreted in just the same way as the Penrose diagram of the maximally
extended Schwarzschild spacetime: there is a white hole, an Einstein-Rosen bridge leading
to another, different universe, and so on. The formation of a black hole from the collapse
of a star is represented in the usual way. In view of the fact that both Schwarzschild and
de Sitter believed in antipodal identification, one is doubly tempted to claim that Figure
5 represents the “true” Schwarzschild-de Sitter spacetime geometry.
Now let us turn to the application of these ideas to the question of horizon entropy.
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Figure 5: Penrose diagram of SdS(IRP 3)
3. Horizon Entropy: dS(S3) vs dS(IRP 3)
In this section we shall argue that the spacetime represented by Figure 5 is particularly
interesting from the point of view of entanglement entropy [18]. The reason is that, in a
sense to be explained, Figure 5 is what we obtain, generically, when we take two copies
of IRP 3, join them by a “bridge”, and allow them to become entangled. The point is that
the general structure of Figure 5, in which the two sides remain causally disconnected, is
obtained independently of symmetries and initial conditions. Before discussing that, let
us clarify some more elementary points.
A celebrated result of Gibbons and Hawking [27] states that there is an entropy asso-
ciated with the horizon of de Sitter space, given by one quarter of the horizon area. The
argument, both in its original form and in the subsequent simplified presentations, has
several mysterious aspects, so we shall present it here very briefly, following Bousso [28].
This will also allow us to clarify the relevance of the fact that the horizon of dS(IRP 3)
with a given cosmological constant has precisely half the area of the corresponding dS(S3)
horizon.
We begin not with de Sitter spacetime but rather with the Schwarzschild-de Sitter
spacetime discussed above. We take it that the black hole is small (M << L/(27)
1
2 ), with
energy E = M. There are two horizons, the black hole horizon with radius r+, and the
cosmological horizon with radius r++; we have
1 − 2E
r++
− r
2
++
L2
= 0, (9)
or
E =
1
2
r++[1 − r
2
++
L2
]. (10)
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Thus we may think of r++ as varying with E:
dE
dr++
= −1 + 3
2
[1 − r
2
++
L2
]. (11)
The area of the horizon in dS(IRP 3) is of course given by A = 2πr2++. Assuming as usual
that the entropy is proportional to the horizon area, S = ζA, we obtain
dS
dE
=
4πζr++
−1 + 3
2
[1 − r2++
L2
]
. (12)
Now by considering a system consisting of initially well-separated matter and a black
hole, Bousso argues that we should take dE = −dM . The first law of thermodynamics
now gives us
T =
1 − 3
2
[1 − r2++
L2
]
4πζr++
(13)
for the temperature of the de Sitter horizon. For a very small black hole, r++ is approxi-
mately equal to L (the de Sitter horizon radius), and so we have, approximately,
T =
1
4πζL
. (14)
Now temperature is a strictly local quantity, proportional to the surface gravity [29]. The
surface gravities for the cosmological horizons of dS(S3) and dS(IRP 3) are the same —
only the areas differ, not the radii. If we had done the above calculation in dS(S3), we
would have obtained a temperature of 1/8πζL. Since the two answers must agree, the
constant ζ differs in the two cases:
ζIRP 3 = 2ζS3. (15)
Thus for example if the entropy is one quarter of the horizon area in dS(S3), then it
is half the horizon area in dS(IRP 3) — which is the same numerical value in each case,
namely πL2. Thus, there is no discrepancy in the value of the entropy in the two cases,
only in the way in which that value is computed. Similarly, the “cosmological entropy
bound” [28] still reads
Smatter ≤ πRgRc, (16)
where Smatter is the entropy of some matter system in an asymptotically de Sitter space-
time, Rg is the corresponding Schwarzschild radius, and Rc is the radius of the cosmo-
logical horizon; the various factors of 1/2 cancel, and so one still has agreement between
equation (14) and the cosmological version of the well-known Bekenstein bound, which
requires in general that Smatter ≤ 2πER, where E ( = Rg/2) is the energy of the system
and R is its “largest dimension” ( = Rc, which has the same value in dS(IRP
3) as in
dS(S3)).
All this is perhaps less surprising if we examine equations (5), for it is clear that the
areas of the surfaces r = constant are given by the conventional formula for any such
surface which lies inside, but arbitrarily close to, the horizon. Thus, we should not expect
the two entropies to differ unless we think of the entropy as being exactly localised on
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the horizon. (If we computed the area by taking a surface with a radius infinitesimally
less than that of the horizon, then we would find no difference at all.) In short, there
is no profound difference between dS(IRP 3) and dS(S3) as far as the magnitude of the
entropy is concerned. It is otherwise, however, when we ask how this entropy should be
understood.
Perhaps the strangest aspect of the above derivation — this comment applies to both
dS(IRP 3) and dS(S3) — is the fact that we had to introduce a black hole into otherwise
singularity-free “de Sitter spacetime”. As it stands, this is a mere device: the black hole
is introduced, used in the calculation, and then removed to obtain the result. It is natural
to suspect, however, that something deeper is afoot. One suspects that the black hole
will play some fundamental role in obtaining a deeper understanding of de Sitter entropy.
Black hole entropy is itself notoriously difficult to understand, but there is a growing
consensus that black hole entropy is entanglement entropy [30][31]. (See [18] for a review.)
The idea, in general, is to try to understand the thermodynamics of a quantum system by
taking two, independent copies of the system, and then coupling them in a particular way
so as to obtain a pure state. The quantum entanglement of the two systems then implies
that each sub-system acts as a “heat bath” for the other — tracing over the modes hidden
to one side results in an apparently thermal density matrix for that side. It is of course
very natural to apply this picture to the (maximally extended) Schwarzschild spacetime,
with the two systems corresponding to the two distinct universes on each side of the
Einstein-Rosen bridge. The standard proportionality between the black hole entropy and
its horizon area can be obtained in this way. (There are technical complications arising
from field-theoretic divergences; see [32] for recent developments.) Similar ideas have
recently been used in several very deep investigations of eternal asymptotically anti-de
Sitter black holes (see particularly [33], [34], and [35]).
The Penrose diagram for an anti-de Sitter black hole (see Figure 6 — note that it is
not square, see [35]) is similar to that of the extended Schwarzschild black hole, in the
sense that it has an Einstein-Rosen bridge leading to another universe; thus it is natural
to think of the thermal properties of the black hole as arising from the entanglement of
the universes on each side of the bridge. Because the conformal boundary of this spacetime
Figure 6: Penrose diagram of eternal AdS black hole
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consists of two disconnected components(the curved lines at left and right in Figure 6),
one is led very naturally to suppose that this entanglement is encoded in an entanglement
of two independent conformal field theories on the two boundaries. This in turn leads to
profound insights into, for example, the black hole information paradox [33].
In [16] it was suggested that the entropy of the horizon of dS(S3) might be understood
in a similar way by means of entanglement between the two static patches. Apparently
intractable problems arise in that approach from the excessively “large” symmetry group
of dS(S3). While we saw above that dS(IRP 3) solves this problem in a very elegant way,
dS(IRP 3) also does away with the “second” static patch. In view of the fact that the
standard derivations of the de Sitter entropy formula involve, as we saw above, the use
of the Schwarzschild-de Sitter spacetime, one might think that a more natural approach
would be to try to follow the example of the Schwarzschild and anti-de Sitter cases and
attempt to couple two independent systems on either side of the Einstein-Rosen bridge
in either SdS(S3) or SdS(IRP 3).
For SdS(S3) there are, however, two serious objections to this plan. Firstly, we argued
earlier that it is far from clear that SdS(S3) bears any relation to the real world. Secondly,
SdS(S3) does not have a bridge connecting two independent universes: it has instead a
“handle” leading from one universe back to itself. (See Figure 4.) Thus, the situation in
SdS(S3) is not analogous to the Schwarzschild and anti-de Sitter black hole spacetimes
— we do not really have “two systems” as we did in those cases. One might try to
argue that the two static patches appearing in Figure 4 are causally disconnected from
each other, and therefore constitute two “independent” systems, but this will only work
if we are allowed to ignore the fact that these systems have exactly the same conformal
infinities (future and past; recall the topological identification of the left and right edges
of Figure 4). A more detailed explanation of the difference between the anti-de Sitter
black hole and its S3 de Sitter counterpart runs as follows. As is clear from Figure 1,
de Sitter space has a conformal boundary which consists of two components, one each in
the future and past. For simplicity, let us concentrate on the future boundary. Evidently
it is connected. Now the conformal boundary of anti-de Sitter space is also connected,
but, as we saw, the conformal boundary of the anti-de Sitter black hole is disconnected.
This splitting of the boundary in the anti-de Sitter case is quite crucial for Maldacena’s
analysis of entanglement in that case [33]. But now examine Figure 4: clearly, the future
boundary is connected in the S3 de Sitter case, whether or not a black hole is present. (In
other words, the number of boundary components does not double). Even if one does not
believe in a “dS/CFT correspondence” [36], it is unreasonable to go to the other extreme
and assume that the conformal boundary has no influence whatever on the de Sitter bulk.
(See [37] for a discussion of the intimate relation of bulk and boundary in de Sitter space, a
relationship which exists quite independently of any one-to-one “correspondence”; see also
[38] for an answer to the concerns raised in [39].) So it seems clear that the entanglement
approach to horizon entropies is unlikely to work here.
If indeed we do not really have two independent systems on the two sides of the
SdS(S3) black hole, then the entanglement programme cannot even get off the ground.
It seems that the differing global structures of the anti-de Sitter and de Sitter black
holes explain the fact that the thermal properties of de Sitter space are so much more
difficult to understand. What underlies this global difference, and how are we to apply
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the entanglement programme to de Sitter spacetime?
The answer is to be found by taking the “entanglement argument” to be fundamental,
in the following sense. Consider a spacetime of the kind which has identifiable spatial
sections — such spacetimes need not be globally hyperbolic, as the important example of
anti-de Sitter spacetime shows. (Anti-de Sitter spacetime, in global coordinates, has spa-
tial sections with the topology of IR3). Suppose that the spatial sections have the topology
of a three-dimensional manifold, M3. Now temporarily ignore the original spacetime and
let us consider the problem of understanding the thermodynamics associated with the
geometry or physical contents of M3. In order to use entanglement to do this, we take
two copies of M3 and join them by a “bridge”. The idea is to regard the two copies of
M3 as containing independent systems, which are to become entangled via the bridge.
We then propose to use the Einstein equations, in the usual initial-value formulation, to
construct a full four-dimensional spacetime having this new three-manifold as its spatial
sections. This spacetime can then be used to understand the thermodynamics of the orig-
inal spacetime. Of course, the construction may not be a straightforward matter: there
will be technical questions such as the dependence on the choice of the metric and extrin-
sic curvature on the three-manifold, and potential problems associated with non-globally
hyperbolic spacetimes (such as the one pictured in Figure 6). In particular, we have no
guarantee that the spatial sections will evolve in a way that preserves the independence of
the two systems, since we do not know, in general, how to ensure that conformal infinity
will split, as in Figure 6. But leaving these difficulties to one side for the present, let us
try to understand the basic conditions required for the idea to work.
The model here, of course, is anti-de Sitter space. As mentioned above, the spatial
sections here are IR3. To construct a bridge between two copies of IR3, we remove a ball
from each copy, and then paste in a cylinder to close the resulting edges. This process
is called “taking the connected sum” of the two copies of IR3 (see [40] for interesting
applications of this idea in differential geometry). It is easy to see that, by doing this, we
obtain a space which is very different from IR3: in the usual topological notation for the
connected sum,
IR3#IR3 6= IR3. (17)
If we take the manifold IR3#IR3 and allow it to evolve in accordance with the Einstein
equations (with a negative cosmological constant as source), then, as expected, various
complications arise; for example, we will need to construct an analytic extension of the
domain of dependence of the initial spacelike hypersurface, and it is not clear that the
two sides of the bridge will necessarily remain independent (as we require if we want to
use entanglement). But at least the basic necessary condition (17) is satisfied: there are
indeed two sides to the bridge. In fact, of course, we know that it is at least possible to
begin with IR3#IR3 and generate a full asymptotically anti-de Sitter spacetime in which
the two sides of the bridge remain out of causal contact (yet entangled): for that is just
a description of the spacetime pictured in Figure 6. In other words, we can think of
the anti-de Sitter black hole, which has IR3#IR3 as its spatial sections, as arising from
an effort to construct a three-dimensional space consisting of two copies of IR3, causally
disconnected but entangled quantum-mechanically via a bridge.
If we now wish to replicate this approach in the de Sitter case, we must consider taking
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two copies of S3 and constructing the connected sum. But it is easy to see that
S3#S3 = S3, (18)
and so the most basic necessary condition fails to be satisfied. It is simply not possible to
join two different copies of S3 with a bridge and obtain something new. The best we can
do is to join S3 to itself with a “handle”, and this is precisely why we were driven to the
structure for SdS(S3) given by Figure 4. But we have argued that this will not answer:
we need a bridge to another universe, not one which leads back to our own. The simple
topological facts represented by (17) and (18) underlie the fact that SdS(S3) apparently
cannot be used to explicate de Sitter entropy by means of quantum entanglement.
As we have stressed, the IRP 3 version of Schwarzschild-de Sitter space, SdS(IRP 3)
(Figure 5), is very different to SdS(S3). The spatial sections of this spacetime are obtained
by taking two independent copies of IRP 3, deleting a ball from each (think of the ball
as the black hole event horizon and its interior), and pasting in a cylinder — in short,
the spatial sections are copies of IRP 3#IRP 3. Let us therefore try to repeat the above
argument, starting now with IRP 3 instead of S3. Immediately we find that there is a
fundamental topological difference between SdS(IRP 3) and SdS(S3), for we have
IRP 3#IRP 3 6= IRP 3. (19)
(The proof will be given below.) Thus, from the point of view of the entanglement
programme, Figure 5 represents a situation more similar to Figure 6 than to Figure 4;
and that is what we need if we are to use Schwarzschild-de Sitter geometry to understand
de Sitter entropy. It is clear that the two systems on either side of the SdS(IRP 3) bridge
are indeed, on any reckoning, independent: in particular, we see that the presence of the
black hole splits the conformal boundary, just as it does in anti-de Sitter spacetime. (That
is, the full boundary now has four connected components, instead of the two in Figure 2.)
It therefore seems at least possible that SdS(IRP 3) can shed some light on the question
of thermality in de Sitter spacetime, via the entanglement programme.
In fact, in the remainder of this section we shall argue that SdS(IRP 3) is exceptionally
well-suited to the entanglement approach. As we mentioned above, we cannot in general
expect that the two sides of a “bridge” will necessarily remain independent, as they do
in Figures 5 and 6, when a connected sum of three-manifolds evolves from initial data;
this could easily depend on symmetries, the choice of initial data, and so on. Indeed, as
we shall see, it is actually possible for IRP 3#IRP 3 to evolve in such a way that future
conformal infinity is connected, as it is in Figure 4, so that the two sides of the bridge do
not remain independent. However, one might hope that this behaviour is not generic in the
special case of asymptotically de Sitter spacetimes, where we expect the time evolution
to be well-behaved. (That is, we do not expect difficulties with global hyperbolicity,
as in the anti-de Sitter case.) Ideally, we would like to show that the time evolution
of generic IRP 3#IRP 3 initial data inevitably leads to the formation of a black hole (an
IRP 3 Schwarzschild-de Sitter black hole in the spherically symmetric case), for that would
ensure that the general geometry pictured in Figure 5 is typical. If this is true, with a
reasonable definition of “generic”, then we will have a better understanding of the fact
that Schwarzschild-de Sitter geometry plays a key role in the analysis of de Sitter entropy.
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Actually, using techniques recently developed by Andersson and Galloway [41], and
assuming a form of cosmic censorship, we can show that a statement of this kind is indeed
true, generically. To see the need for the “generic” restriction, and to understand how
to use the Andersson-Galloway techniques, we need a more detailed description of the
topology of IRP 3#IRP 3, which is of considerable interest in its own right.
The principal point for the reader to grasp in what follows is that taking a connected
sum of a manifold with itself can — but need not — drastically modify the structure
of the fundamental group. For example, the connected sum of two manifolds with finite
fundamental groups is a space with a fundamental group which is finite in some cases
(such as IR3#IR3 and S3#S3, which are simply connected), but infinite in others. IRP 3
has the simplest possible non-trivial fundamental group, namely ZZ2, the group with only
two elements (since passing to the antipode twice brings us back to the starting point).
It does not follow from this, however, that the fundamental group of IRP 3#IRP 3 is finite.
In fact it is not. One can prove this in various ways, but it will be most enlightening to
exhibit the fundamental group explicitly.
Consider the line IR, regarded as a Riemannian manifold, and let R0 and Rpi be the
isometries
R0 : x → −x (20)
Rpi : x → 2π − x, (21)
where x ∈ IR. These are reflections in 0 and π respectively. Obviously both are of finite
order, but the composite Rpi ◦R0 is just translation by 2π, and so R0 and Rpi generate an
infinite discrete group. Now let ℵ2 be the antipodal map on S2, and define two isometries
of IR× S2 by
A0 : (x, s) → (R0(x), ℵ2(s)) (22)
Api : (x, s) → (Rpi(x), ℵ2(s)), (23)
where s ∈ S2. Since R0, Rpi, and ℵ2 are all orientation-reversing on the spaces on which
they act, A0 and Api both preserve orientation; and since ℵ2 has no fixed point, the
complicated infinite, non-abelian group generated by A0 and Api acts freely on IR × S2.
Call this group Γ; then [IR×S2]/Γ is a compact orientable three-dimensional manifold with
a metric which descends from IR× S2 (since Γ acts isometrically) and with IR× S2 as its
universal (Riemannian) cover. As such, it is one of the well-known “locally homogeneous”
three-manifolds which arise in the Thurston programme; see [42]. Now Api ◦ A0 is just
translation by 2π on IR and the identity on S2, so Γ contains the infinite cyclic group
ZZ. Recalling that the circle is just IR/ZZ, one can use this to show that [IR × S2]/Γ
is a principal fibre bundle, with structure group U(1), over IRP 2. Since [IR × S2]/Γ is
orientable and IRP 2 is not, it follows that the bundle is non-trivial.
Now return to Figure 5 and consider the following construction. Take a point on
the right-hand cosmological horizon (remember that it is a copy of IRP 2) and send out
a spacelike geodesic, perpendicular to the horizon. The geodesic enters the black hole
horizon, passes through the bridge, emerges from the black hole horizon on the other side,
and reaches the other horizon (on the left of the diagram). It then emerges from the other
side of the sky in that universe, and passes through the event horizon of the left-hand
black hole on the opposite side of its event horizon — note that, unlike the cosmological
horizon, the black hole horizon has the topology of S2, so this is not the same point as
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the one from which it emerged. The spacelike geodesic then continues back through the
tunnel; it pierces each S2 it encounters on the opposite side from the point it passed
through on the first leg of its journey. It emerges back into the original universe on the
opposite side of the right-hand black hole horizon from the point where it entered. It then
continues out to the cosmological horizon and re-appears on the opposite side of the sky
— at its starting point: so the geodesic we have described is in fact a (topological) circle.
By varying the starting point on IRP 2, we can clearly cause such a circular geodesic to
pass through any given point of IRP 3#IRP 3. Locally, IRP 3#IRP 3 is therefore the product
of a circle with IRP 2, though obviously this is not so globally: in fact, IRP 3#IRP 3 is just
a non-trivial principal U(1) bundle over IRP 2. Since there is (up to bundle isomorphism)
a unique such bundle over IRP 2 (see [42]), we have
IRP 3#IRP 3 = [IR× S2]/Γ. (24)
This way of thinking about IRP 3#IRP 3 will be useful to us in various ways. The first point
to note is that this equation implies that the universal cover of IRP 3#IRP 3 is IR×S2, and
this establishes (19) above, since the universal cover of IRP 3 is of course S3. Secondly, we
see at once that the fundamental group of IRP 3#IRP 3 is the infinite non-abelian group
Γ, despite the fact that the fundamental group of IRP 3 is just ZZ2.
We can now proceed with our discussion of spacetimes evolving from IRP 3#IRP 3 in
accordance with the Einstein equations (with a positive cosmological constant term as
source).
First, we note that it is not the case that such a spacetime must always evolve into a
black hole spacetime. To see this, recall that IRP 3#IRP 3 can be regarded as a principal
U(1) fibre bundle over IRP 2. Therefore each point in IRP 3#IRP 3 projects to a point in
IRP 2 which is contained in an open set such that IRP 3#IRP 3 is locally trivial over that
open set. It follows that IRP 3#IRP 3 can be described locally by coordinates θ, φ (the
usual polar coordinates on S2, projected to IRP 2) together with an angular coordinate ψ
(running from 0 to 2π) describing position on any circular fibre. (Here it may be useful to
examine Figure 5: ψ = 0 corresponds to the base IRP 2, and ψ = π at the “other” IRP 2.
Values of ψ between π and 2π cannot be seen in Figure 5 because of the suppression of the
other angular coordinates; but it is important to remember that the spacelike geodesic
we described above passes through each S2 on the opposite side on the way back to its
starting point, so values of ψ between π and 2π refer to different points to values of ψ
between 0 and π.) Using these coordinates, one can define a Lorentzian metric on the
four-dimensional manifold IR× (IRP 3#IRP 3) by
g(N) = −dτ ⊗ dτ + L
2
3
cosh2(
√
3τ/L)dψ ⊗ dψ + L
2
3
[dθ ⊗ dθ + sin2(θ)dφ⊗ dφ)]. (25)
This spacetime is globally hyperbolic, with IRP 3#IRP 3 as its spatial sections; like the de
Sitter metric g(dS) (equation (3)) the metric g(N) satisfies the Einstein equations in the
form
Ricci(g(N)) =
3
L2
g(N), (26)
and the spacetime is of course entirely non-singular — actually it is a local (not global)
product of two-dimensional de Sitter space with IRP 2. Evidently it is not true that
IRP 3#IRP 3 necessarily evolves into a black hole spacetime.
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This spacetime is in fact the IRP 3 version of the Nariai spacetime (see [28]); let us call
it N(IRP 3). Recall that the Nariai metric is obtained as the limit of the Schwarzschild-de
Sitter metric in which the two horizons coincide, that is, when the mass of the black hole
satisfies M = L/(27)
1
2 . Thus we are now considering SdS(IRP 3) (Figure 5) in that limit.
The Penrose diagram of N(IRP 3) is given in Figure 7. It is square because the coordinate
Figure 7: Penrose diagram of N(IRP 3).
ψ runs from 0 to π from right to left, and the conformal time coordinate η defined by
sin(η) = sech(
√
3τ/L) runs from 0 to π from bottom to top. (The stars, as before, indicate
a suppressed IRP 2.) The reader is asked however to bear in mind that ψ runs from 0 to
2π; it may be helpful to imagine the diagram as being drawn on the surface of a cylinder.
(The diagonal lines are dotted so as to remind us of this.) There is a further subtlety here
which cannot be represented in the diagram: if we write g(N) in its conformal form,
g(N) =
L2
3sin2(η)
[−dη ⊗ dη + dψ ⊗ dψ + sin2(η)[dθ ⊗ dθ + sin2(θ)dφ⊗ dφ)]], (27)
then we see at once that the conformal metric (obtained by removing the factor L2/3sin2(η))
assigns zero area to all points at η = 0 and π. Thus the horizontal lines in Figure 7 have
a different meaning to those in Figures 2 and 5; they are similar to the vertical lines in
Figures 1 and 2, they represent points. That is, the suppressed copies of S2 and IRP 2
shrink to zero size at the top and bottom of the diagram. From the conformal point
of view, the Nariai spacetime contains a bridge which collapses in finite conformal time;
thus we see the sense in which the Nariai spacetime is the “limit” of the Schwarzschild-de
Sitter spacetime (Figure 5) as M → L/(27) 12 , since the latter contains a bridge which
(partly) collapses in finite conformal (but also proper) time.
It is clear from Figure 7 that the conformal future of N(IRP 3) is connected, just as in
Figure 4; and so, as in that case, N(IRP 3) fails to maintain the independence of the two
sides of the IRP 3#IRP 3 bridge. However, it is also clear from our detailed construction
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that N(IRP 3) is anything but generic. We saw, firstly, that it is obtained from the
Schwarzschild-de Sitter spacetime SdS(IRP 3) by means of an exact fine-tuning of the
mass of the original black hole: the slightest deviation of the mass M from L/(27)
1
2 will
either return us to Figure 5 or produce a naked singularity (if M > L/(27)
1
2 ). Secondly,
the expansion of the spacelike surfaces in N(IRP 3) is also extremely fine-tuned, in the
sense that the θ and φ directions do not expand at all (equation (25)), while of course
the ψ direction expands ever more rapidly. A generic, physically reasonable solution of
equation (26) should expand in all directions, though not necessarily to the same extent.
This brings us to the work of Andersson and Galloway [41].
Following [41], we say that a spacetime M4 has a regular future conformal completion
if M4 can be regarded as the interior of a spacetime-with-boundary X4, with a (non-
degenerate) metric gX such that the boundary is spacelike and lies to the future of all points
inM4, while gX is conformal to gM , that is, gX = Ω
2gM , where Ω = 0 along the boundary
but dΩ 6= 0 there. A spacetime with a regular past conformal completion is then defined in
the obvious way. In physical language, spacetimes of this kind are “generically de Sitter-
like”, that is, no directions are “left behind” by the cosmic expansion. For example, the
Nariai spacetime does not have a regular future or past conformal completion; as we saw,
it cannot be called “generic”.
A spacetime with a regular future (past) conformal completion is said to be future
(past) asymptotically simple if every future (past) inextendible null geodesic has an end-
point on future (past) conformal infinity. In physical language, one would say that such
spacetimes are free of singularities in either the future or the past. Figure 5 represents
an example of a spacetime which is globally hyperbolic and has regular future and past
conformal completions, but which is neither future nor past asymptotically simple, while
of course Figure 2 pictures a spacetime which is both future and past asymptotically
simple.
With this background, we can now state the very remarkable and powerful theo-
rem of Andersson and Galloway ([41], Remark 4.1). Suppose that a spacetime satisfies
Ricci(X, X) ≥ 0 for any null vector X, is globally hyperbolic, and has regular future
and past conformal completions. If the fundamental group of the Cauchy surfaces of the
spacetime is infinite, then the spacetime can be neither future nor past asymptotically
simple.
Of course, any spacetime satisfying equation (26) satisfies Ricci(X, X) = 0 for any
null vector X. Unlike anti-de Sitter space, de Sitter space is globally hyperbolic, so it is
natural to impose global hyperbolicity here: we can think of it as the version of Cosmic
Censorship (see [29]) which is suitable in this context. (Cosmic censorship can be expected
to hold when, as in spacetimes satisfying equation (26), the dominant energy condition is
valid; again, it may (therefore) very well fail in asymptotically anti-de Sitter spacetimes;
see [43]. We would have to be careful about this point if we introduced (say) a dilaton field
into an asymptotically de Sitter spacetime.) As we have just discussed, the requirement
that the spacetime should have regular future and past conformal completions is just a
kind of “genericity condition” which eliminates special cases like Nariai spacetime. Finally,
as we saw earlier, IRP 3#IRP 3 has an infinite fundamental group. Hence, the Andersson-
Galloway theorem allows us to conclude, independently of any specific assumptions about
symmetry or initial conditions, that a physically reasonable, generic evolution of an IRP 3
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bridge produces a spacetime which is neither future nor past asymptotically simple. That
is, like SdS(IRP 3), the spacetime must have (spacelike) singularities to the future and
the past, which, as in Figure 5, split future and past conformal infinity and ensure the
independence of the two systems on either side of the bridge. Hence the claim that the
IRP 3 version of de Sitter spacetime is better suited to the entanglement approach than the
S3 version.
Note that the crucial condition here, because it is the condition not satisfied by the
IRP 3 spatial sections of dS(IRP 3), is the fact that IRP 3#IRP 3 has an infinite fundamental
group. Thus it is the topology of the bridge that ensures the independence of the systems
on either side of it. As always, topological arguments have the virtue of being immune to
perturbations or symmetry violations.
Further light is shed on the role of the black hole in de Sitter entropy if we consider
black hole evaporation, which should of course be highly relevant here. (The fact that de
Sitter black holes do always evaporate is not obvious; see [28] for a discussion.)
The evaporation of an IRP 3 black hole is pictured, under the usual assumption that
there is no remnant, in Figure 8. As can be seen, the spacetime “near” future conformal
Figure 8: Penrose diagram of the evaporation of SdS(IRP 3).
infinity in this case corresponds to a pair of copies of the upper half of Figure 2; that
is, the evaporation of a black hole in dS(IRP 3) just gives us two independent copies of
the later history of dS(IRP 3). (As usual, the stars indicate copies of a suppressed IRP 2.)
In fact, the situation here is quite similar to the evaporation of a maximally extended
Schwarzschild black hole, which also produces two disconnected universes. Once again,
however, the contrast with the situation in dS(S3) is sharp, for the evaporation of a black
hole like the one pictured in Figure 4 actually maintains the connectedness of future
infinity — the Penrose diagram will resemble the upper half of Figure 1, and the topology
of future infinity will be that of one copy of S3. (As Bousso explains [28], the evaporation
of a black hole corresponds to the “pinching off” of S1 × S2, which does not disconnect
21
the space; instead it produces a copy of S3, so that the later history of the spacetime
resembles that of dS(S3). In fact one can think of the two “r = 0” points in Figure 1 —
the left and right vertical lines — as the relics of the pinching point. In the same way,
the two vertical lines to either side of the upper singularity in Figure 8 correspond to “r
= 0”, but they do not represent the same point; they are separate relics of the pinching.
In this case, however, the pinching disconnects the spatial sections.) Thus dS(IRP 3)
“proliferates” by means of the evaporation of an ordinary black hole, while dS(S3) does
not. (This proliferation is quite different to the kind discussed in [44], which arises from
multiple singularities nucleating in a pre-existing Nariai spacetime. Further discussions of
that kind of proliferation may be found in [45][46]; see also [47] for another perspective
on the Nariai spacetime.)
For our purposes Figure 8 is not very different from Figure 5, and nothing we have
said about the quantum entanglement of the two sides of the bridge needs to be modified
by the fact that the black hole evaporates. The novelty here is that an observer at an
event in, say, the top right hand side of the diagram will not observe a black hole, for it
has by then evaporated; yet we can still think about the entanglement of a system on the
right side of the diagram with another one on the left. Again we see that the black hole
is essential to the understanding of thermodynamics even in (what appears to be) pure
de Sitter space. (Notice in this connection that the Hawking radiation will not re-focus;
it will be “held back” by the accelerated expansion of the universe, for circumnavigations
of the universe are not possible in dS(IRP 3), as Figure 2 shows, unless they begin in the
infinite past. Thus the Hawking radiation is eternally available for inspection.)
The upshot is that we can conclude that SdS(IRP 3) and its evaporating version, por-
trayed in Figures 5 and 8, provide the right environment for discussing entanglement
entropy in the de Sitter context. At the very least, we now understand the otherwise
mysterious fact that a black hole is relevant to de Sitter entropy.
We close this section with some remarks on relations to other work.
The importance of entanglement between the boundary components of de Sitter space
has been particularly emphasised by Balasubramanian, de Boer, and Minic [48], who argue
that (ordinary) de Sitter space is holographically dual to a pair of entangled conformal
field theories defined respectively on future and past conformal infinity. Here we will
have many other interesting variants: if we call the four components of conformal infinity
in Figure 5 the “left future”, “left past”, “right future”, and “right past”, then we can
consider entanglements of the conformal field theory on the “right future” with either the
conformal field theory on the “right past” or one on the “left past”, and so on. We believe
that this will lead to a better understanding of both the black hole and the cosmological
entropies. A suitable generalisation of the techniques of reference [49] should be useful
here; see also [38]. The fact that the Schwarzschild-de Sitter spacetime has two horizons
and therefore two “temperatures” is of course one of its most notable features, and has
been the subject of many interesting recent studies: see for example [50][51]. We expect
to relate this to the multiplicity of “infinities” in our view of this spacetime.
Another interesting extension would be to extend Maldacena’s arguments [33][35] from
Figure 6 to Figures 5 and 8, in the hope of elucidating the nature of the Schwarzschild-
de Sitter singularity. In the anti-de Sitter case, a crucial role is played by correlators
connecting the two disconnected components of conformal infinity. Again, there are more
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possibilities here for “left-future/right-future” correlators, and so on.
None of these possible ways of exploring Schwarzschild-de Sitter spacetime would even
make sense if we were to try to use the model of that spacetime pictured in Figure 4.
Whether or not one accepts the claim that Figure 5 (or Figure 8) is the “right” model,
there can now be no doubt that the distinction between the S3 and IRP 3 versions of de
Sitter spacetime is radical. And this is the point we wished to make.
4. Conclusion
In this work we have explained the profound differences between IRP 3 de Sitter spacetime
and its more familiar S3 counterpart, with a view to applications to horizon thermody-
namics. Ultimately these differences stem from two simple mathematical facts: first, the
symmetry group of dS(IRP 3) is much smaller than that of dS(S3); and second, IRP 3#IRP 3
differs very drastically from IRP 3, while S3#S3 is precisely the same as S3. It is reason-
able to expect that the IRP 3 approach will at the very least lead to new insights into the
nature of horizon entropy.
Hawking, Maldacena, and Strominger [52] have proposed a completely different ap-
proach to understanding de Sitter entropy in terms of quantum entanglement, one which
does not involve Schwarzschild-de Sitter spacetime. Unfortunately it is difficult to extend
their approach to four dimensions, but the idea — which involves the study of a de Sitter
braneworld in anti-de Sitter space — deserves further attention. In particular, one can ask
what happens in that approach when “de Sitter spacetime” is interpreted as dS(IRP 3).
We shall return to this question elsewhere.
Bousso [28] has argued that, while charged black holes may not be directly physical,
they need to be taken into account in the study of horizon entropy. It is clear that a
charged black hole in dS(IRP 3) will have many interesting properties. In fact, such black
holes require the use of techniques from “Alice physics”, introduced by Krauss, Wilczek,
and Preskill [53][54] (see [55] for cosmological applications), and they are currently under
investigation from that point of view.
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